, Phys. Rev. A 45, 5680 (1992)], leads directly to consistent integral equations for classical systems interacting via two-body, three-body, and even higher-order forces.
I. INTRODUCTION
Integral-equation theories continue to play an important role in theories of liquids [1] , but have been for the most part restricted to systems with pairwise additive two-body interactions. Therefore, information about model systems with three-body or higher interactions has not been obtainable from such theories, except when the deviations from two-body interactions are small and can be treated perturbatively [2, 3] . This restriction has traditionally excluded from such study many interesting and important materials, such as silicon, for which nonpairwise interactions play a large, if not dominant, role. Here we present integral-equation results for the popular and successful classical model of silicon due to Stillinger and Weber [4] . These results are obtained from a set of three coupled equations described below, which are generalized readily to higher order.
Recently, the systematic expansion of the entropy in terms of correlation functions has been revisited by us [5 -7] and Baranyai and Evans [8, 9] , and others [10 -12] . These expansions lead to numerically useful approximations for both single-component liquids [5] and mixtures [6] . Hence it is not surprising that these expansions lead to an attractive integral-equation formalism [13] .
The origin of this approach is stated easily. Consider a classical system with at most n-body contributions to the total potential energy, at fixed temperature T, volume V, and chemical potential p, . Since the energy functional may be expressed exactly in terms of a Rnite number of correlation functions gl l (rn & n), only a consideration of the entropy is required to specify the grand potential 0 = A(T, V, /i). Thus, any given level of approximation to the entropy functional leads to an approximate grand free-energy functional, as shown schematically in Fig. 1 . If the exact functional were known, the true equilibrium state of the system may be found by minimizing the exact functional. Consequently, an approximation to the equilibrium state of the system may be found by minimizing an approximate free-energy functional with respect to the various multiparticle correlation functions. This procedure yields both a series of coupled integral equations for the correlation functions themselves, and a self-consistent set of equations for all thermodynamic quantities (pressure, chemical potential, etc. ) necessary to describe the equilibrium state of the system.
The advantage of integral-equation theories that are derivable as the minimum of some approximate freeenergy functional lies in the existence of an internally self- [14] .
The role of free-energy functionals can be illustrated by comparing two popular integral-equation theories, namely, the hypernetted chain (HNC) and Percus-Yevick (PY) [15] approximations. As discussed below, the HNC theory may be derived as the minimum of a well-defined approximation to the exact grand potential functional, and therefore a natural, self-consistent thermodynamics can be defined. The PY theory, on the other hand, cannot be derived from any physically reasonable approximate free-energy functional, and no such unique thermodynarnic framework can be naturally defined [16] . However, this lack of an underlying functional does not preclude the PY approximation from yielding results that are closer to the exact results than the results of the HNC approximation, since the functional that generates HNC is itself approximate. As illustrated in Fig. 1 , it is entirely possible that PY is a better approximation to the minimum of the exact functional than is the HNC theory. This is indeed the case with the hard-sphere system. Hence, as is well documented, the PY approximation is a valuable tool for studying liquid systems.
In Sec. II we examine two ways to generate integralequation theories from free-energy functionals. The first method, which we call the g representation, considers the free energy to be a functional of the set of n-body multiparticle correlation functions g" (rq, . . . , r"), n = l, . . . , oo. This is the grand-ensemble version of the canonical ensemble treatment presented by Schlijper and Kikuchi [17] , which has also been pursued by Schlijper, Telo de Gamma, and Ferreira [18] . To The functional expansion for the entropy is much more complicated. Using an expansion due to Kirkwood [19] , H. S. Green [20] developed an expansion for the entropy in terms of canonical ensemble correlation functions (i.e. , for a system with a fixed number of particles). Later, Nettleton and M. S. Green [21] and Raveche [22] derived the corresponding expression for an open system (grand canonical ensemble):
Through an elegant rearrangement of terms, Baranyai and Evans [8] showed that the grand canonical expression is, in fact, an ensemble invariant one, namely that it yields the same result whether canonical or grand canonical correlation functions are used.
The functionals S(i) in Eq. (5) contain all terms that are ith order in the density and include contributions for all multiparticle correlation functions up to order i Hem. ando [ll] has shown that the leading term in each S(i) can be represented, in the language of graph theory, by an ith-order ring diagram with h bonds and black p circles. The remaining terms either vanish under the generalized superposition approximation (GSA) [23] , or correspond to highly connected diagrams. The subset of ring diagrams can be summed explicitly [12] to infinite order to yield the expansion for the entropy, (6) where the S'(i) are identical to the terms S(i) in Eq. 5 without the ring-diagram contributions.
The lowest-order, nontrivial theory can be obtained by setting the S'(i) to zero for i ) 4 (8) where
is the averaged three-body potential. The direct correlation function c(r) is defined by the Ornstein-Zernicke (OZ) equation
This set of three equations is the principal formal result of this paper [24] . Finally, substituting the above three minimum conditions into the original functional for PA yields a consistent equation for the equilibrium pressure,
lier examples in the literature of the use of an efFective pair potential (in varying forms and levels of approximation) to represent the effect of three-body interactions in integral-equations [26 -32] . In the absence of the threebody interactions, the equations for the HNC thermodynamic functions (presented above) have been known for a long time, but their self-consistent nature has not been emphasized until recently [6, 14, 33] .
. (11) Note that the first term in the integrand is indeed the square of the total correlation function h(r). All additional thermodynamic functions (such as the Helmholtz free energy) may be derived readily from Eqs. (6) and (ll). Therefore, the set of equations (6) - (11) forms a thermodynamically complete and self-consistent approximate theory for liquids with three-body interactions.
For completeness, the generalization of this derivation to multicomponent systems is included in the Appendix.
This set of equations will be solved numerically below. First we note a number of important features of these equations. First, the simplicity of the derivation should be compared with the approach in the canonical ensemble [17] . Second, the equation for the triplet correlation function [Eq. (6) ] is the usual Kirkwood superposition approximation generalized to take into account three-body interactions. Although it is quite common to make this approximation as an ansatz, the above g-representation procedure is unique in obtaining the superposition approximation as a consequence of an approximation to the entropy.
Finally, the form of the equation for the pair correlation function g~~l (r) [Eqs. (7) and (8)] is familiar. Without the three-body interactions, this is exactly the HNC equation. The efFect of the three-body potential is to introduce a correction to the usual pair interaction in the HNC equation, namely an average over the three-body potential. Therefore, the theory defined by Eqs. (6) - (11) may be viewed as a three-body generalization of the HNC theory, and it will be denoted HNC+3.
These equations have occurred several times in the literature. Schlijper, Telo de Gamma, and Ferrerira [18) have pursued this approach. Earlier, Attard [25] presented the equations using a less self-contained approach.
For example, the superposition approximation was assumed a priori. In addition, there are also many ear-B. The c representation p() p g"'(), (12) where p~is the bulk liquid density.
In the notation of density-functional theory, the difference in the grand potential PA for the system with the artificial external particle, compared to the grand potential of the homogeneous system, may be written as a functional of the single-particle density p(r), A second way to generate thermodynamically selfconsistent integral equation theories is the expansion of the free energy in multiparticle direct correlation functions c~"l(rq, ... , r&). This is the standard densityfunctional theory approach, which was developed primarily for the study of inhomogeneous ffuids, as summarized, for example, by Evans [34] , but it can be applied to the homogeneous case using a method due to Percus [35] . This development shows clearly that every density-functional approximation (whether for inhomogeneous liquids or freezing) corresponds to an approximate integral-equation theory for bulk liquids, albeit often an unusual theory. Consider a homogeneous liquid with bulk density p~, interacting via a pairwise additive interparticle potential u~2l (r). In the Percus procedure (often called the "bootstrap" method), one particle of the system is considered to be "outside" the system and placed at the origin. This particle generates an external potential ul &(r) through which the other particles move. The effect of this external potential is to induce an inhomogeneous singleparticle density field p(r) around the "external" particle. Since this external particle is in reality no different to the other particles, consistency requires that the singleparticle density induced around it be related directly to the pair-correlation function gl & (r) of the original homogeneous system, that is, [25] .
As will be shown below, the calculation of the threebody correlation function g~& is neither straightforward nor well defined. This is not a problem in the g representation, since an approximation for g~~is a natural product of the derivation. To date we have not been able to choose a three-body correlation function which is consistent with all the assumptions of the density-functional derivation.
One way to calculate the three-body correlation functions from the density-functional expansion [Eq. (13) ] is to consider two external particles at positions r1 and r2.
Minimizing the grand potential functional with an external potential generated by these two particles yields the conditional particle density p( )(r3 I ri, r2), which is the (unnormalized) probability that a particle will be found at r3 given that there are particles at ri and r2. The connection of this quantity to g~~is given by p g (r& r2 r3) p (r3 I rl r2)a'"(I » -» I) . (22) c(") (r"..., r") = 0, n & 3 . (23) This is precisely the HNC2 equation derived in another way by Verlet [36] .
Another +h(r») h(r») 
Each of these derived expressions for the HNC g(3) [Eqs. (22) and (26)] are incompatible with the other and with the superposition approximation. The deeper meaning of this inconsistency is not yet clear.
The above discussion of c-representation derivations of integral equations is valid for systems with two-body potentials only. This is because the standard densityfunctional approach only considers one-body external potentials (which correspond to interparticle pair potentials in the Percus method). Treatment of three-body potentials requires the reformulation of density-functional theory to include two-body external potentials. The free energies will then become functionals of both the single and two-particle density fields. Such a program has been attempted by Iyetomi and Vashishta [38] . Because of the difficulties caused by introducing the two-body external potentials, they were only able to minimize the resulting functional using a perturbative approach where the three-body interaction is assumed to be weak. Interestingly, the integral equation they derived is equivalent to an approximate version of the HNC+3 theory, in which the equation for the averaged three-body potential [Eq. (9) (29) results show that the HNC+3 theory is accurate at low densities, but less than adequate in the liquid region. The problem at higher densities arises not necessarily from fundamental problems with the treatment of the threebody potential (which are basically just a perturbation), but from the inability of the HNC equation to describe the dominant short-ranged two-body interactions.
In this section we apply the HNC+3 theory to liquid silicon. The interactions between silicon atoms cannot be well approximated by a simple, classical, twobody potential. A correct description of the tendency to bond tetrahedrally requires, at the very least, inclusion of three-body forces. These three-body forces are of the same magnitude as the two-body ones, and therefore they are not amenable to perturbation techniques, in contrast to the Axilrod-Teller potentials studied by Attard. Consequently, without advances in nonperturbative integral-equation theories for systems with threebody potentials, the only current way to obtain structural and thermodynamic information on this system is through time-consuming computer simulations.
A popular and useful classical potential for silicon is due to Stillinger and Weber (SW) [4] . The parameters of this model were chosen to provide a reasonable fit to the experimentally observed thermodynamic and structural properties of crystalline and liquid silicon. The total potential energy is written as the sum of a two-body potential and a three-body potential usw = ) u( )(r, j) + ) u( )(r, , rj, rk) . (28) ('&i) (i&g&k) Using cr = 2.0951 A and e = 50 kcal/mole as the units of distance and energy, the SW two-body potential is relatively short-ranged and is assigned the form p-( )(") 8 dr g (r]3)g (TQ3)
x Pu(3) (rg, rz, r3) . (27) where A = 7.049556277, B = 0.6022245584, and a = 1.8. The three-body potential is also short ranged, and is given by
In Sec. IV we will solve numerically this linearized HNC+3 theory for a model of silicon.
III. SILICON: HNC+3 THEORY'
We have generated above a set of thermodynamically self-consistent integral equations for liquids with multibody interactions. At the simplest level of approximation, the set consists of (i) the superposition approximation [Eq. (6) IV. SILICON (Al) where p is the partial number density of component n, and p~= P"~p is the total number density.
The entropy functional for this mixture may be derived by generalizing Hernando's result for the ring entropy contribution [12] . After 
